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NOTE ON A KIND OF BISHOP-PHELPS-BOLLOBA´S
PROPERTY FOR OPERATORS
JARNO TALPONEN
Abstract. We study a Bishop-Phelps-Bolloba´s type property for Banach
space operators introduced by Dantas (2017). In that paper there is a lo-
cal and a global version of a natural property which is somewhat similar but
simpler compared to the Bishop-Phelps-Bolloba´s type property for operators
studied in Acosta et al. (2008). Here we characterize the mentioned local
property in the setting with strictly convex domain spaces and compact op-
erators. We show that the local property implies that the domain space has
strong convexity properties.
1. Introduction
The classical Bishop-Phelps theorem states that the norm-attaining functionals
are dense in the dual space. Recall that x∗ ∈ X∗, an element in the dual space
of a Banach space X, is norm-attaining if there is x ∈ X, ‖x‖ = 1, such that
‖x∗‖ = x∗(x). There is a refined version of the classical Bishop-Phelps theorem
where one has a uniform, even quantitative control, not only on the distance of a
given functional to a norm-attaining functional, but also for the witnessing elements
x in a suitable sense. This well-known principle is known as the Bishop-Phelps-
Bolloba´s theorem appearing in [2]. Acosta et al. [1] studied the following related
property for operators:
Definition 1.1. A pair of Banach spaces (X,Y) satisfies the Bishop-Phelps-Bolloba´s
property (BPBp) when, given ε > 0, there exists η(ε) > 0 such that whenever
T ∈ SL(X,Y) and x0 ∈ SX are such that
‖T (x0)‖ > 1− η(ε)
there are S ∈ SL(X,Y) and x1 ∈ SX such that
‖S(x1)‖ = 1, ‖x1 − x0‖ < ε and ‖S − T ‖ < ε.
(Some standard notations are recalled in Section 1.1.)
Thus, in the above definition we allow for small perturbations of the given opera-
tor T , following the spirit of the Bishop-Phelps-Bolloba´s theorem. It is also natural
to ask if the range of T ∗ : Y∗ → X∗ contains many norm-attaining functionals for
some fixed operator T : X → Y. The genericity of the norm-attaining functionals
is investigated in [3]. Dantas (2017) [4] developes the BPBp analysis to such a
direction with 2 versions of a properties involving a kind of BPBp for unperturbed
operators. There is a weaker local version and a stronger global version of the
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property and both properties have convexity implications on the space in question.
The latter property implies that the space X in question is in fact uniformly convex
(cf. [6]). The paper by Dantas is mainly concentrated in the stronger property and
here we carry on the analysis regarding the weaker Property 1 of a pair (X,Y) of
Banach spaces, as it is called in the paper. Property 1 states that for any given
T ∈ SL(X,Y) and ε > 0 there is η(ε, T ) > 0 such that whenever x0 ∈ SX satisfies
‖T (x0)‖ > 1− η(ε, T ),
there is x1 ∈ SX such that
‖T (x1)‖ = 1 and ‖x1 − x0‖ < ε.
If the above statement holds for all compact operators T ∈ SL(X,Y) then the pair
(X,Y) has Property 1 for compact operators.
Our aim here is to further elucidate Property 1. Since these properties funda-
mentally involve convexity, we will study them in a strictly convex setting. We will
characterize the compact operator version of Property 1 for strictly convex spaces
X. It turns out that that although Property 1 of (X,Y) does not imply the uniform
convexity of X, it comes somewhat close to doing that.
1.1. Preliminaries. We denote by X and Y real Banach spaces where we exclude
the trivial space, consisting of the origin. Often we impose these conventions implic-
itly, hence we do not repeat the assumptions on X and Y in each result separately.
The closed unit ball and the unit sphere of X are BX and SX respectively. The
space of bounded linear operators T : X→ Y is denoted by L(X,Y).
See e.g. [5] and [7] for general background information on Banach spaces theory
and for discussion on the extremal structure of unit balls in Banach spaces. The
diameter of a subset A ⊂ X is
diam(A) := sup
x,y∈A
‖x− y‖.
Given a Banach space X, a slice of its unit ball is defined as follows:
Sf,α := {x ∈ BX : 1− α < f(x)}
where f ∈ SX∗ and 0 < α < 1. If the norm of a Banach space is Fre´chet differen-
tiable away from the origin then the space is said to be Fre´chet smooth. Similar
convention holds for Gateaux smoothness. We will apply the related Smulyan
lemma frequently (see [5]).
2. Results
Theorem 2.1. Let X and Y be Banach spaces and suppose that X∗ is Fre´chet
smooth. Then (X,Y) has Property 1 for compact operators.
The Fre´chet smoothness of X∗ implies reflexivity of the spaces and it is satisfied
for instance if X is a reflexive LUR space.
The statement of the result does not remain true general operators. For instance,
we may choose X to be a reflexive LUR space such that (X, ℓ2) fails Property 1.
Such an example is
X = ℓ1 ⊕2 ℓ
2 ⊕2 ℓ
3 ⊕2 . . .
with the operator T : X→ ℓ2, T : ((x
(i)
k )k)i 7→ (yj)j given by
T
[
((x
(i)
k )k)i
]
= (x
(j)
1 )j .
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Proof of Theorem 2.1. Let X and Y be as in the assumptions and suppose that the
statement fails. Then there is an operator T ∈ SL(X,Y), ε > 0 and a sequence of
points (zk) ⊂ SX such that ‖Tzk‖ → 1 and for each k it holds that there does not
exist xk ∈ SX such that
(2.1) ‖Txk‖ = 1 and ‖zk − xk‖ < ε.
According to the compactness of the operator T there is a subsequence (kj) ⊂ N
and y0 ∈ SY such that Tzkj → y0 as j →∞.
Let y∗ ∈ SY∗ be such that y
∗(y0) = 1. Put x
∗ := y∗ ◦ T ∈ SX∗ . Here
(2.2) x∗(zkj )→ 1 as j →∞.
According to the Fre´chet smoothness of X∗ the space X is reflexive (see e.g. [7]).
Thus the functional x∗ attains its norm, i.e. there is x ∈ SX with x
∗(x) = 1.
According to (2.2), the Fre´chet smoothness of X∗, and the Smulyan Lemma (applied
on X∗ and X∗∗) it follows that zkj → x as j → ∞. By choosing xkj = x we arrive
at a contradiction (recall (2.1)) for sufficiently large j. Consequently, the statement
of the theorem holds. 
Proposition 2.2. Let X be a strictly convex Banach space. If (X,R) has Property
1, then X∗ is Fre´chet smooth.
Proof. It is known that if (X,R) has Property 1 then X is reflexive (see [4]). Thus,
by the reflexivity and strict convexity of X, each functional x∗ ∈ SX∗ attains its
norm at exactly one corresponding point x ∈ SX. We study an operator T : X→ R
as in the definition of Property 1. This can be identified with x∗ ∈ SX∗ .
The condition provided by Property 1 means that the slices Sx∗,ε shrink uni-
formly to the corresponding point x:
diam(Sx∗,η)
η→0+
−→ 0,
⋂
η>0
Sx∗,η = {x}.
An application of the Smulyan lemma then finnishes the argument. 
It is known that (ℓ∞(n),Y) has Property 1 for any Banach space Y (see Thm.
2.4 in [4]). This example shows that if the strict convexity is removed from the
assumptions the Fre´chet smoothness is lost in the conclusion. In fact, there is
another route to verifying this claim directly, namely, the Gaˆteaux smoothness of
X∗ already implies the strict convexity of X.
Theorem 2.3. Given spaces X and Y the following conditions are equivalent:
(1) X is strictly convex and (X,Y) has Property 1 for compact operators,
(2) X∗ is Fre´chet smooth.
Proof. The justification of the statement follows from the previous remark together
with Theorem 2.1 and Proposition 2.2. Indeed, each continuous linear operator
X→ R is compact and Property 1 for compact operators of the pair (X,Y) implies
that of (X,R). 
The following result suggests that Property 1 comes in a sense close to uniform
convexity of the domain space.
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Theorem 2.4. Let X be a strictly convex Banach space such that (X, c0) has Prop-
erty 1. Suppose that a sequence (fn) ⊂ SX∗ satisfies that fn
ω∗
−→ 0 as n → ∞.
Then
lim
η→0+
sup
n
diam(Sfn,η) = 0.
Proof. Let X and (fn) be as in the assumptions. Assume to the contrary that
(2.3) lim
η→0+
sup
n
diam(Sfn,η) = d > 0
where the limit exists, since the diameters shrink as η tends to 0. According to
Theorem 2.3 we have that X∗ is Fre´chet smooth. By using the reflexivity of X and
the Smulyan lemma as above we see that
lim
η→0+
diam(Sfn,η) = 0
for each n ∈ N. Together with (2.3) this yields that there is a subsequence (nk) ⊂ N
such that
(2.4) diam
(
Sfnk ,
1
k
)
>
d
2
for each k ∈ N. Put d0 = min(
d
2 ,
1
4 ).
Note that for each fn there is a unique zn ∈ SX such that fn(zn) = 1. By using
the ω∗-convergence of (fn) we may pass on to a further subsequence (nkj ) ⊂ N,
denoting gj = fnkj and yj = znkj for j ∈ N, such that
(2.5) gj(yi) < 1− 2d0 for i < j.
Define T : X → c0 by x 7→ (gj(x))j . Indeed, this definition is proper, since gj
ω∗-converges to 0. Note that T ∈ SL(X,c0).
We claim that T does not satisfy the condition in Property 1. Indeed, fix
0 < η < 1 and 0 < ε <
d0
2
.
Then we will find x0 ∈ SX such that ‖Tx0‖ > 1 − η and for each x1 ∈ SX with
‖Tx1‖ = 1 it holds that ‖x0 − x1‖ > ε.
Since gj(x1)→ 0 as j →∞ for any x1 ∈ X, it is clear that ‖Tx1‖ = 1 for a given
x1 ∈ SX if and only if x1 = yj for some j ∈ N. Fix j ∈ N such that
1
j
< η. Pick
x0 ∈ SX such that
(2.6) ‖x0 − yj‖ =
d0
2
> ε
and gj(x0) ≥ 1− d0. Indeed, this is possible due to (2.4). Then for i < j
‖x0 − yi‖ ≥ |gj(x0 − yi)| ≥
∣∣∣∣(1−
d0
2
)− (1− 2d0)
∣∣∣∣ > d0 > ε
where we applied (2.5). The case with j < i is seen as follows:
‖x0 − yi‖ ≥ ‖yj − yi‖ − ‖x0 − yj‖ ≥ |gi(yj − yi)| −
d0
2
≥ |(1 − 2d0)− 1| −
d0
2
>
d0
2
> ε.
This contradicts Property 1 and the proof is complete. 
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We do not known how the statement improves above if we require (X, ℓ∞) to
have Property 1.
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